Eta-deuteron scattering lengths are calculated. A summation of the multiple scattering series is carried out and the result is checked against more involved calculations. The necessity to go beyond the fixed nucleon approximation is emphasized. It is shown that a quasibound or virtual state in the η-deuteron system may occur within the range of η-nucleon scattering lengths suggested by other experiments.
I. INTRODUCTION
Few-body interactions of the η meson may complement our knowledge on the η-nucleon interaction. Of related interest is the possibility of η-nuclear quasi-bound states. Such states have been predicted by Haider and Liu [1] and Li et al. [2] , when it was realised that the η-nucleon interaction is attractive. In few-nucleon systems these states are expected to be narrow, and thus easier to detect. So far there has been no direct experimental verification of this hypothesis. On the other hand, Wilkin [3] has suggested that an indirect effect of such a state is seen in the rapid slope of the pd → η 3 He amplitude detected just above the η production threshold [4] . Another indication of the strong three-body ηpp correlations follows from the recent measurement of pp → ppη cross sections in the threshold region [5] .
The η-deuteron is the easiest few-body system to describe. In this letter a simple formula is given to provide the ηd scattering matrix at energies below the deuteron breakup. Detailed calculations are done for the scattering length A ηd , where the η-nucleon scattering length a ηN is considered as an input. In the limiting case of fixed nucleons, this formula is found to be consistent with earlier calculations of Ref. [6] . However, our model includes corrections involving effects of the continuum in the ηpp system, which are found to be necessary.
For large values of Re a ηN in the region of 0.7 to 1.0 fm, suggested by some models, we find the ηd system to be close to binding. In this region A ηd becomes large and depends on details of the ηN interaction model. In particular one finds strong dependence on the way the ηN scattering matrix is extrapolated to the region below the threshold. If the actual A ηd turns out to be sizable, it will be detected from the analysis of the final state interactions in the pd → pdη scattering experiment performed at Celsius recently [7] .
II. A FORMULA FOR THE ETA-DEUTERON SCATTERING MATRIX
The purpose of this section is to derive a simple formula that relates the low-energy meson-deuteron scattering amplitude to the meson-nucleon scattering length. The former is found by summation of a multiple scattering series and is expressed in terms of a few basic multiple scattering integrals. In order to motivate the method we recall a simple formula for the scattering length of a meson on a pair of fixed nucleons [8, 9] A ηd = 2a
where a ηN is the meson-nucleon scattering length and R d is the nucleon-nucleon distance.
Eq. (1) which is close to the range of the η-nucleon scattering lengths allowed by some models [10] .
However, for such large Re a ηN Eq. (1) becomes rather inaccurate. In the rest of this section we find necessary corrections, determine the virtual or quasibound state singularities and discuss other related calculations of A ηd .
Let us begin with a multiple scattering expansion that follows from the three-body Faddeev equations for a meson interacting with a pair of nucleons labeled 1,2. For the situation of meson-deuteron scattering below the deuteron breakup, the series for the η-deuteron T -matrix is:
where t i is a meson-nucleon scattering matrix, G 0 is the free three-body propagator and and normalisation will be given later. Now the partial summation of the series for the scattering amplitude is performed. The latter is determined by an average
where φ d is the deuteron and ψ η is the free-meson s-wave function in the relative mesondeuteron momentum variables. We define the ηd scattering length as
A partial summation of the series (2) for < T > is obtained by
where < T 0 ηd >=< t 1 + t 2 > is the impulse approximation and
This partial sum is already equivalent to formula (1) as it contains terms of the order 
where
and
This procedure may be continued into a systematic method to include higher powers of λ in the denominator. The main advantage is a strong cancellation in the Σ 2 − (Σ 1 ) 2 term and also higher order Σ n terms, as was demonstrated in the optical model calculations of
Ref. [11] for He nuclei. As we show numerically in the next section, also for the η-deuteron system there is a strong cancellation in the second (and indeed also in the higher orders)
term of the partial sum (8) . This causes the method to converge much more rapidly than the direct λ n series.
Before going further we write down and discuss the basic quantities entering this formalism. Momentum variables are used everywhere. These are the momenta canonical to the Jacobi coordinates, q N N the relative NN momentum, p η the relative η−NN momentum, and the corresponding variables for the other possible pairs like ( q ηN , p N ). The normalisation is chosen so that a "volume" element is d pd q, the propagator
and the scattering matrices are t ηN 1 (q ηN 1 , q
.e. they conserve the spectator momentum. The t ηN are normalised in such a way that
with the standard convention Im a ηN ≥ 0. Later, a separable form
sign convention that requires
Also here a Yamaguchi separable form is used with κ N N = 1.41 fm −1 and the strength fitted to reproduce the deuteron binding energy, the scattering length a N N = 5.405 fm.
Calculation of the multiple scattering integrals is straightforward although tedious and the formulae are lengthy. For simplicity we reproduce a few dominant quantities in the zero meson momentum and zero range η-nucleon force limit, although actual calculations are performed also taking into account a finite force range. Then the impulse approximation
is the scattering matrix averaged over some energy region, generated by the recoil of the spectator nucleon. The range of the latter is given by the Fourier transform of the deuteron wave functionφ. In a more general nonzero meson momentum case the average is given by the momentum distribution of the ηN pair.
The quantity of interest is the scattering length at threshold A ηd . Hence,
where E d is the deuteron binding energy, and the energies in Eq. (14) extend down to the subthreshold region. This means an extrapolation into the unphysical region by a few MeV.
Therefore, a model is required for this extrapolation and some possibilities are discussed later. In general, due to the short range of ηN forces, the absence of nearby singularities or an ηN quasi-bound state, the energy dependence of a ηN (E) in the narrow subthreshold region is apparently smooth. In all multiple scattering integrals of interest the average valuē a is used. In this way the dominant term Σ 1 becomes
with
where v N N is the Yamaguchi formfactor for the NN separable potential. In the low energy region the T N N matrix is dominated by the deuteron pole. 
with a clear physical interpretation. The higher order terms for Σ n have the same structure corresponding to (n + 1) scatterings on the optical potential
Similarly to Refs. [11, 12] it can be expected that the series for T ηd would be precise on the 1% level even in the case of a bound state at threshold. Indeed, the effectiveness of this expansion is confirmed in Table I for two particular values of the ηN scattering lengths and an ηN formfactor allowing comparison with the calculation of [6] . The latter one uses a rather involved set of integral equations for the η scattering on fixed nucleons corrected later for the effect of the deuteron wave functions, but no allowance is made for a free NNη spectrum in the intermediate states.
This assumption would correspond to our model with Ω i = 0. The agreement between these two calculations is rather good, with small differences probably due to two factors: first, Gaussian wave functions are used in Ref. [6] , while ours come naturally in the Hulthen form; second, the T N N used here contains more than the deuteron pole.
The effect of the free three-body spectrum in the intermediate states is still missing.
To lowest order in a ηN it is given by the Ω 1 term of Eq. (6). Within the averageā ηN approximation it becomes
This quantity is real below the deuteron breakup, which is the region of our interest. In a similar way one obtains higher order terms Ω 2 etc., which are also real in this region. Now, the final formula to be used in the applications is presented as (19) arise from the number of independent collisions on the successive nucleons.
Numerical results for the scattering length are given in the next section. Before presenting these let us discuss the question of the unitarity of < T ηd (E) >, when it is calculated for finite meson energies, but below the deuteron breakup threshold. Imaginary contributions to ω i arise only above the deuteron breakup, but the absorptive parts of σ i begin already at E > −E d . These are generated by the deuteron pole in T N N (E − E η (p)) in the integral (15) for σ 1 and in similar formulas for the higher order σ i . At E = −E d , the pole term (17) and its second order analog. This allows us to present the low energy behaviour of < T ηd > as
as required by unitarity. It also permits the use of the series summation method in some energy region close to the threshold.
III. RESULTS
The formula for the meson-deuteron scattering length A ηd expresses it in terms of an "effective η-nucleon scattering length"ā ηN , which is an average of the ηN scattering matrix extrapolated by a few MeV below the threshold. This is our input parameter. Inherently there is another parameter, the inverse range κ ηN in the ηN form factor, included in the calculated quantities multiplying powers of theā ηN in the expansion (19) for the inverse 1/A ηd . These follow from the three-body interactions, and they are given in Table II Higher order terms are negligible as may be seen from the results of Table I. As shown in Table I the static nucleon approximation is not adequate in the region of large Re a ηN close to the critical values. The effect of the NN continuum is significant. Some care is needed with calculations of the corresponding scattering integrals in the three-body continuum ω i . These converge slowly and depend strongly on the range of the ηN interaction.
In particular, the zero range limit cannot be taken for ω 3 and higher orders. Provided an unphysical value κ ηN = ∞ is not used to describe the free-spectrum contributions, the small weight and the cancellations in ω 2 − ω 2 1 reduce effects of the continuum to the ω 1 term. A similar cancellation happens in the "mixed term" δ 2 −ω 1 σ 1 which, although small, dominates the second order term. All this allows the simple formula (19) to work very effectively even under the demanding condition of a nearby singularity.
In Table III one finds values of A ηd for a number of ηN scattering lengths that follow from several analyses of the combined πN, ηN coupled channels and from η photoproduction data.
The resulting A ηd may vary by an order of magnitude, reflecting a nearby ηd quasibound state that may arise at threshold for Re a ηN close to 0.8 fm. It is also clear that the results depend on the extrapolation of a ηN (E) below the threshold. No detailed models are available in this region and two simple approaches have been attempted:
(1) a constant a ηN and (2) a typical low-energy form a(E) = a ηN / (1 − iq ηN a ηN ) as required by unitarity.
In the latter case the calculations are done using an imaginary q ηN = i 0.367 fm −1 . This value follows from the average value of the subthreshold energy argument (−E d − 
IV. CONCLUSION
We have applied a multiple scattering series formalism developed earlier for the η-helium system to calculate the η-deuteron scattering length.
The conclusions are as follows:
a) It is possible to sum effectively the multiple scattering series for the inverse mesondeuteron scattering matrix below the breakup threshold. 
